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Abstract 

The Transfer Matrix Method is an effective method which is used in mechanics and provides a 

great advantage especially in solving some mechanical problems. The most important advantage 

of the Transfer Matrix Method is reducing the dimensions of the matrix used in the analysis. The 

most important consequence of this is the saving the time. 

In this study, firstly studies in recent years in relation with the Transfer Matrix Method have been 

briefly summarized. Then the Modified Finite Element Transfer Matrix Method is explained 

briefly. At the end of the study, the application of the Modified Finite Element Transfer Matrix 

Method to the heat transfer problem has been demonstrated. 
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DEĞİŞTİRİLMİŞ SONLU ELEMANLAR TAŞIMA MATRİSİ 

YÖNTEMİNİN ISI TRANSFERİ PROBLEMİNE UYGULANMASI  
 

 

Özet 

Taşıma matrisi Yöntemi, mekanikte kullanılan ve özellikle bazı mekanik problemlerin 

çözümünde büyük avantaj sağlayan etkili bir yöntemdir. Taşıma matrisi yönteminin en önemli 

avantajı analizde kullanılan matrisin boyutlarını azaltmasıdır. Bunun en önemli sonucu ise zaman 

dan tasarruftur. Bu çalışmada ilk olarak Taşıma matrisi yöntemi ile ilgili son yıllarda yapılan 

çalışmalar kısaca özetlenmiştir. Daha sonra Değiştirilmiş Sonlu Elemanlar Taşıma matrisi 

yöntemi kısaca açıklanmıştır. Çalışmanın sonunda, Değiştirilmiş Sonlu Elemanlar Taşıma matrisi 

yönteminin ısı transfer problemine uygulanması gösterilmiştir. 

 

 

 

Anahtar Kelimeler: Değiştirilmiş Sonlu Elemanlar Taşıma Matrisi Yöntemi, Mekanik, Isı 

Transferi Problemi 
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1. INTRODUCTION 

The transfer Matrix Method is an effective method which is used in mechanics. Firstly, Transfer 

Matrix Method (TMM) was developed by Holzer (1921) for torsion vibrations of rods [1]. 

Myklestad (1945) applied TMM for bending –torsion vibrations of beams [2]. Thomson used 

TMM for the analysis of non- uniform beams [3]. 

Thompson (1950) and Haskel (1953) applied TMM for the wave propagation analysis in elastic 

media [4-5]. Pestel and Leckie (1963) applied the TMM method in various elastomechanics 

problems [6]. Inan (1968) wrote a book which introduce a Carry Over Matrix Method (TMM) 

[7]. Hoerner (1975) suggested Ricatti Transfer Matrix Method for elimination of the classical 

TMM errors (propagation and round- off errors) [8].   

In cases where the Transfer Matrix cannot be obtained directly, the Transfer Matrix can be 

obtained by means of the Finite Element Matrix. 

There is a series of studies in the literature about Combined Finite Element-Transfer Matrix 

Method [9-18]. Fan and Barber (2002) used the tranfer matrix method for the periodic heating 

problems [19].Choi (2003) developed Finite Element-Transfer Stiffness Coefficient method for 

plate analysis [20]. Rui, Wang, and Lu (2008) adapted the TMM for multibody system analysis 

[21].  

Rong, Rui, and Wang (2011) suggested Modified Finite Element-Transfer Matrix Method [22]. 

He, Rui and Zhang (2012) applied Transfer Matrix Method for natural vibration analysis for tree 

systems [23].Ozturk, Bozdogan, and Nuhoğlu (2012) applied Modified Finite Element-Transfer 

Matrix Method for Static analysis of systems [24]. Ozturk and Bozdogan (2017) proposed A 

Modidfied Finite element Transfer matrix method for determination of the Fundemantal perios of 

layered soil profiles [25].Demirkan and Artan applied the transfer matrix method to the stability 

analysis of  Nanobeams based on nonlocal timoshenko beam model [26]. 

Xu and Jiang (2019) used the transfer matrix method for the free vibration analysis of retaining 

wall [27]. Kang et al. (2019) Based on the transfer matrix method, they suggested modeling for 

periodic graphene structures [28]. 

In this paper, firstly, Transfer Matrix Method is explained briefly than the application of the 

Modified Finite element transfer matrix Method to the heat transfer problem has been 

demonstrated.  



 

Araştırma                Bozdoğan&Khosravi Maleki/Kırklareli University Journal of Engineering and Science 5-1(2019) 15-28   

                      DOI:10.34186/klujes.564004  

 

An Application of the Modified Finite Element Transfer Matrix Method for a Heat Transfer Problem                                           18 

2. Material and Method 

2.1. TRANSFER MATRIX METHOD 

The main idea of the TMM is to convert the boundary problem to the initial value problem 

(Figure 1). 

In the TMM, the all unknowns can be written by the means of initial values. 

 

 

 

 

 

 

 

 

 

Figure 1. Transfer matrix sheme 
 

The method has some advantages over the finite element method: 

1. The size of the system matrix in the TMM is smaller than the conventional Finite 

Element Method. 

2. Provides a fast and practical solution. 

3. In TMM, the size of the system matrix is independent of the number of elements 

The matrix size advantage of the TMM is shown in Figure 2 in comparison with the conventional 

Finite Element Method. In the given system (Figure 2), there is only one unknown at each node. 

 

 

 

 

 

 

Figure 2. Comparison of system matrix dimension of Finite Element and Transfer Matrix  
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2.2. ORDINARY FINITE ELEMENT-TRANSFER MATRIX METHOD 

In cases where the Transfer Matrix cannot be obtained directly, the Transfer Matrix can be 

obtained by the help of the finite element matrix [22]. 

The finite element matrix for element i can be written as 

                                                    
1 111 12

21 22

i i

i i

U Qk k

U Qk k

     
    

     
                                                      (1) 

where k11, k12, k21, k22 are the submatrices of element matrix. 

For i.th element, Transfer Matrix is written as 

                                               
111 12

121 22

i i

i i

U UTR TR

Q QTR TR





    
    

     
                                                         (2)     

where TR11, TR12, TR21, TR22 are the submatrices of element Transfer Matrix. 

By using equations (1) and (2), equations (3), (4), (5) and (6) can be written. 

                                                           
1

11 12 11TR k k                                                                        (3) 

                                                          
1

12 12TR k                                                                              (4)                       

                                                      
1

21 21 22 12 11TR k k k k                                                                   (5)  

                                                            
1

22 22 12TR k k                                                                       (6) 

 

2.3. MODIFIED FINITE ELEMENT-TRANSFER MATRIX METHOD 

Modified Finite Element-Transfer Matrix (MFETM) method was first developed in 2011 by 

Rong, Rui and Wang [22]. 

Using the MFETM , the size of the matrix used in the conventional TMM is reduced by half. 

The method is briefly summarized below. 

The main idea of the method is to use the following transformations. 

                                                           1 1 1i i iQ S U                                                                         (7) 

                                                           i i iQ SU                                                                              (8)      

If the transformations given in equation (7) and equation (8) are written in equation (1) and if the 

necessary arrangements are made, equation (9) is obtained. 

                                                   21 12 11 1 22/ ( )i iS k k k S k                                                          (9) 
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The equation (9) is the main equation of the Modified Finite-Element Transfer Matrix Method. 

2.4. HEAT TRANSFER IN COMPOSITE WALL 

In a composite wall in case of heat transfer the governing differential equation can be written as 

[29]. 

                                                               
2

2
0

d T
k

dx
                                                                       (10)                                         

where k is the thermal conductivity of the material and T is the temperature. 

The boundary conditions of equation (10) are given as follows:              

                                                                                                                                     (11)                                        

                                           endx x         ( ) 0
dT

k T T
dx

                                          (12) 

where β is a film coefficient and T∞ is air temperature. 

 

2.5. ELEMENT TRANSFER MATRIX FOR HEAT TRANSFER PROBLEM  

The solution of the second order homogenous differential equation is given below: 

                                                   1 2( )T x c c x                                                                             (13)                            

The heat is calculated by the following equation.  

                                                      2

dT
kA kc

dx
                                                                             (14) 

In the starting position the equations (13) and (14) can be written as 

                                                0x         1(0)T c                                                                       (15) 

                                               0x         2

dT
kc

dx
                                                                        (16) 

Equations (15) and (16) can be written in matrix form as 

                                            
1 1

2 2

(0) 1 0

(0) 0

c cT
A

c cQ kA

      
       

       
                                                     (17) 

Equations (13) and (14) can be written at the end of the element as  

                                              x h  1 2( )T h c c h                                                                       (18) 

                                                x h      2

dT
kAc

dx
                                                                      (19) 
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Equations (18) and (19) can be written in matrix form as  

                                                       
1 1

2 2

( ) 1

( ) 0

c cT h h
B

c cQ h kA

      
       

       
                                         (20) 

Using matrix equations (17) and (20) can be obtained matrix equation (21). 

                                                     1
( ) (0) (0)

*
( ) (0) (0)

T h T T
B A TR

Q h Q Q

     
      

     
                                   (21)                                              

where TR is the element Transfer Matrix and is calculated by the following matrix. 

                                                          
1

0 1

i

i ii

h

k ATR

 
 
 
  

                                                                 (22) 

 

2.6. MODIFIED FINITE ELEMENT TRANSFER MATRIX METHOD FOR HEAT 

TRANSFER PROBLEM  

For i.th element the finite element matrix for the composite wall is written as 

                                             
1 11

1 1

1 1

i ii

i ii

T Qk A

T Qh

      
    

     
                                                 (23)                                              

In equation (23), the following transformations can be applied in accordance with the MFETM. 

                                                           1 1 1 1i i i iQ S T P                                                                  (24) 

 

                                                                   i i i iQ S T P                                                               (25) 

 

Using equations (24) and (25), equations (26) and (27) are obtained. 

                                                 
2 2 2

1

1
1

( / )

( )

i i i i
i

i i
i

i

k A h k A
S

k A h
S

h


  



                                                           (26) 

                                                              

1
1

1
1( )

i
i

i
i

i
i

i

k A
P

h
P

k A
S

h









                                                          (27) 
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2.7 NUMERICAL EXAMPLE 

In the composite wall shown in the Figure 3. [30], the temperatures at the nodes are calculated. 

 

 

 

 

 

 

 

 

 

 

                                                  Figure 3. A composite wall 

 

3. RESULTS AND DISCUSSION 

3.1 SOLUTION USING THE TRANSFER MATRIX METHOD 

By using equation (22), element transfer matrices for each element are calculated as follows, 

respectively: 

1

1 0.1

0 1
TR

 
  
 

       2

1 0.1167

0 1
TR

 
  
 

       1

1 0.0357

0 1
TR

 
  
 

 

The system transfer matrix is calculated by multiplying the element transfer matrices as follows: 

3 2 1

1 0.25247
* *

0 1
tr TR TR TR

 
   

 
 

In this case, the solution equation is written as follows: 

4 1

4 1

T T
tr

Q Q

   
   

   
 

If boundary conditions are applied in this equation, T4 and Q1 are obtained as follows: 

4

4 1

1001 0.25247

525 15 0 1

T

T Q

    
         

 

4 48.58T C         1 203.66Q   W 

h1 h2 h3 

k1 k2 k3 

Air at temperature, TR
inf =350C 

Film coefficient, βR=15 

W/(m2.0K) 

k1=50 W/(m. 0 C) 

k2=30 W/(m. 0 C) 

k3=70 W/(m. 0 C) 

h1=50 mm 

h2=35 mm 

h3=25 mm 

 

 

 

 

T0=1000

C 
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The other unknowns can be calculated as follows using element transfer matrices and Q1. 

2 1

1

2 1

T T
TR

Q Q

   
   

   
 

2 79.634T C         
2 203.66Q   W 

3 2

3 2

T T
tr

Q Q

   
   

  
 

3 55.866T C         
3 203.66Q   W 

 

3.2 SOLUTION USING THE MODIFIED FINITE ELEMENT -TRANSFER MATRIX 

METHOD 

Using the equations (23), (26) and (27), the following expressions can be written. 

1

2 2

10010 10

10 10

Q

T Q

     
    

     
 

2 10S   

2 21100 1000P k     

2 2

3 3

8.5714 8.5714

8.5714 8.5714

T Q

T Q

     
    

     
 

3 4.6154S         3 461.385P    

3 3

4 4

28 28

28 28

T Q

T Q

     
    

     
 

4 3.9623S         4 396.2264P    

If boundary conditions are applied in this equation T4 is obtained as follows: 

4 4525 15Q T        

  4 4525 15 3.9623 396.2264T T    

418.9623 921.2264T   

4 48.582T C   

Other unknowns are obtained as follows: 
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11 12 3 3

21 22 4 4

k k T Q

k k T Q

     
    

     
 

4 4 4 4Q S T P   

21 3 22 4 4 4 4k T k T S T P    

1

3 21 22 4 4 4 4( )T k k T S T P     

 

3

( 28*48.582 3.9623*48.582 396.2264)
55.86

28
T C

   
    

2 211 12

3 321 22

T Qk k

T Qk k

    
    

     
 

3 3 3 3Q S T P   

21 2 22 3 3 3 3k T k T S T P    

1

2 21 22 3 3 3 3( )T k k T S T P     

2

( 8.5714*55.86 4.6154*55.86 461.385)
79.61

8.5714
T C

   
  

 

 

3.3 SIMULATION RESULTS 

Heat transfer analyses of composite wall were conducted with the finite element modeling 

software Abaqus CAE/2014 [30]. Two-dimensional model was analyzed to obtain the 

temperature distributions (Figure 4). 4-node linear heat transfer quadrilateral elements with a 

specified element size of 5×5 mm was used to mesh the model and for solid section, a three 

dimensional deformable homogeneous was used. The initial temperature (100 °C) was applied on 

the left surface of model and Film coefficient, βR=15 W/(m2.0K) was applied on the right surface 

where the heat transfer occurs. The distribution of temperature in the composite wall was shown 

in Figure 5. 
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Figure 4. Two-dimensional model 

 

 

Figure 5. Distribution of temperature in the composite wall 
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The results obtained from three methods were given in Table 1. The results of the simulation are 

in good agreement with the transfer matrix method and the modified finite element -transfer 

matrix method. 

                             Table 1. Results obtained from three methods (C0) 

 TMM MFETM Abaqus 

T2 79.63 79.61 78.50 

T3 55.86 55.86 53.42 

T4 48.58 48.58 45.74 

 

4. CONCLUSION 

TMM is an effective method which is used in mechanics and provides a great advantage 

especially in solving some mechanical problems. In this study, various versions of the TMM are 

briefly introduced. At the end of the work, the MFETM was applied to the heat transfer problem. 

As a result, because of the reduced matrix size, the Transfer Matrix Method and especially the 

MFETM are less time consuming than the conventional Finite Element method. The results of 

the simulation (Abaqus) are in good agreement with the transfer matrix method and the modified 

finite element -transfer matrix method. The method presented in this study was applied on a heat 

transfer in composite wall problem. MFETM  can be easily applied to other heat transfer 

problems. 
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