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A NOTE ON SPECIAL CURVES IN E/*
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Abstract

This article has consisted of a part of doctorate thesis by Sitha Yilmaz [7]. Firstly, Frenet
formulas are given in E,*. Later, characterizations of regular and inclined curves are studied
in E*. It has been given that a space-like curve is an inclined curve if and only if the

expression

= = Acosh([ ods) + Bsinh([ ods),
0 0

T

obtained using harmonic curvature functions in E,*. In addition, it has been observed that a
fifth order vectorial differential equation of position vector of a space-like curve inE,* has
been satisfied by means of Frenet formulas. Similarly, it has been denoted that a fourth order
vectorial differential equation of tangent vector of a space-like curve in E* has been also

verified using Frenet formulas. Moreover, we characterized tangent and trinormal indicatrices
with one theorem. Finally, it has been denoted that if and only if spherical indicatrices of

space-like curve with time-like trinormal vector are regular curves.

Keywords: Inclined curve, harmonic curvature, Frenet formulas, regular curve, space-like

curve, time-like curve, spherical indicatrices.

A Note on Special Curves in E14 22



al Wi,
AR
P 3

g

i
Yilmaz and Nizamoglu / Kirklareli University Journal of Engineering and Science 2 (2016) 22-37 - ="~

Ozet

Bu makale, Sitha Yilmaz’in doktora tezinin bir kismii igermektedir [7]. Oncelikle, E,* de

Frenet formiilleri verilmistir. Daha sonra, regiiler ve inclined egrilerin karakterizasyonlar1 E,*
de incelenmistir. Ayrica, space-like bir egrinin inclined egri olmasmin gerek yeter sartinin
E,* de harmonik fonksiyonlar kullanilarak elde edilen asagidaki kosulu saglamasi oldugu

verilmistir:

X — Acosh( [ ods) + Bsinh([ ods)
T 0 0

llaveten, E* deki space-like bir egrinin konum vektoriine ait besinci mertebeden vektdrel

diferensiyel denklemi, Frenet formiilleri araciligiyla saglanmistir. Benzer sekilde, E,' deki

space-like bir egrinin teget vektoriine ait dordiincii mertebeden vektorel diferensiyel
denklemi, Frenet formiilleri araciligiyla dogrulanmistir. Ayrica teget ve trinormal gostergeler
bir teoremle karakterize edilmistir. Son olarak, space-like bir egrinin kiiresel gostergelerinin

regiiler egri olmasi i¢in gerek ve yeter kosullar verilmistir.

Anahtar Kelimeler: Inclined egri, harmonik egrilik, Frenet formiilleri, regiiler egri, space-

like egri, time-like egri, kiiresel gostergeler.

“Sorumlu yazar: Siiha Yilmaz"? suha.yilmaz@deu.edu.tr
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1. INTRODUCTION and PRELIMINARIES

The classical differential geometry of curves in Euclidean 4-space and higher dimensions
is studied by Semin [5], Gluck [3], and Magden [8]. Also the studies of curves in Minkowski
spaces are seen in the works of Yilmaz [7] and Ekmekei [1].

In this study, we give some new characterizations of special curves in E,*

Let denote E;' Minkowski-4 space, i.e., the manifold Euclidean 4-space E* together a flat

with the Lorentzian metric (,) of signature (+,+,+,-) as

(X,Y)= X Y1t XY, + XY =X, Y,

where X = (X, X,, X5, %X,) and Y =(y,,¥,,Ys,Y,) [4]. This metric is symmetric, bi-linear and
non-degenerate one.

An arbitrary vector a in E; can have one of three Lorentzian causal characters; it can be
space-like if (a,a)>0 or time-like if (a,a)<0 and null (light-like ) if (a,a)=0. Similary,
an arbitrary curve a =a(s)in E;' locally be space-like, time-like or null if all of its velocity
vectors «'(s) are respectively, space-like, time-like or null for each sel < E. The vectors
X,Y in E; are said to be orthogonal if <X,Y> =0. Recall that the norm of an arbitrary vector
aeE/ isgiven by || :ﬂ/Ka, a>‘ and that the velocity of the curve a(s) is given by |a'(s)| -

Therefore, o(s) is a unit speed curve if and only if ((s),a'(s)) =+1 [6].

The Lorentzian sphere of center m=(m;,m,,m,,m,) and radius r eE* in the space E;

defined by S’ ={a=( @, a;,,) €E} :(a—m,a—m)=r?} [4].

Let X = X(s) be a space-like or time-like curve with unit speed (arc-length

parameterized) in Minkowski space time E;'. The Frenet frame of X (s) which is shown by

T.N,B and E can be defined as follows:

The vector T which is tangent to the curve X (s) is obtained as
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T=22, (1.1)

and the first curvature function x which measures the curve deviation from straight line is
defined as x = Hf H :

The vector N which is called principal normal vector is defined as

N=L. (1.2)
K

The third, or the binormal vector of the curve is defined as

Bo NTAT (1.3)
N '+ xT

and the second curvature function z which measures the curve deviation from the plane
{T,N} is defined as 7 = HWHL K-T-H.

The fourth, or the trinormal vector is defined as
Ezlu(f/\ﬁ/\ﬁ), (1.4)

where the exterior product of T,N, and B is defined as

& & & —§

TANAB=—|® & & Wl (L5)
n n, n n,
b, b, by b

here, the vectors e,,e,,e,, and e, are coordinate directions, and the frame vectors are as

T =(t,t,,t,),N =(n,n,,n,),B=(b,b,,b,) in E/, and also the third curvature function o
which measures the curve deviation from the subspace {T, N, B} is defined as

—dE —dB
= u(-B—) = u(E —).
o= u( CIS) u( ds)

Definition 1.1. Let X = X(s) be a space-like curve with unit speed, The Frenet formulas of
X = X (s) for any parameter s e | are defined as
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TN, N 708,98 NioE YE_oE, (1.6)

ds ds ds ds
or its matrix form is as follows

T''To « o 0][T

N'| |-« © 0||N

. = K ¢ Oy (1'7)

B' 0 - 0 o||B
_E | 0 0 o O _E_

where T,N, and B are space-like vectors and E timelike vector of the curve X = X (s), and
also «,z, and o are, respectively, the first, second, and third curvature functions of the curve
X =X(s).

Theorem 1.1. Let X = X (s) be an arbitrary parameterized space-like curve of class C° in

E,', we have
H 2 = EONI Y

v B X[ X=(X. X)X o E N W
T= >f N =L —, B=uE AT AN, and EoytANAX (1.8)

X X[ % - x. %)% [TANAX]

~ 2 = o e
mx X - (X X)XH FANAX][X] 200 g
.14 . H o= . N : PRI (1.9)
Hx H‘ 5% XH T/\N/\XH

where - shows the derivative respect to the variable t.
Also, it is known that the curve X = X (s)is a regular curve if
H)?H;to. (1.10)

Definition 1.2. Let us consider the space-like curve X = X (s). If we transport the tangent,
principal normal, and the binormal vector fields to the center O of the unit hypersphere S?,

and the trinormal vector field to the center O of the unit hypersphere H *, then we obtain
spherical indicatrices of the curve X = X(s)[7].

Theorem 1.2. [1] Let a = a(s) be a regular curve with curvatures x#0,7#0,0=0 in E;.
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The curve « is an inclined curve if and only if
H} —H2Z =const, (1.11)

where H, and H, are the harmonic curvatures defined

H1=E and H2:H

o (1.12)
T (o2

Theorem 1.3. Let o= ax(s) beacurvein E’, a =a(s) is an inclined curve if and only if

K
— =const. forall sel.
.

2. MAIN RESULTS

Theorem 2.1. Let X = X(s) be space-like curve with time-like trinormal vector in L*. The

curve X = X(s)in an inclined curve if and only if

X _ Ach U ads] + Bsh Uods] ,
v 0 0
where 7 # 0,0 # 0; A B constant.
Proof. (=): Let the space-like curve X = X(s) be helix. In this case, from Theorem 1.2,
H} —HZ =constant. (2.1)
Differentiating (2.1) with respect to variable s we obtain
H,H, —H,H, =0, (2.2)
Similarly, differentiating deriving of
H,

H,=-—%, (2.3)

O

we obtain
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H, =(1j Ho+Llh (2.4)
O O

If we use (2.2), (2.3), and (2.4) we obtain

oH.H, —H, [Gj H. +é Hi} -0

or

H{aHl_(a Hl'+éHl'1:O,

where H, =0 and o #0. Because if c=0and H, =0, then we get H, =0and

H,= £ — const. From Theorem 1.3, this shows that the curve is an inclined curve in L*, thus
T

the second-order homogeneous equation with variable coefficient is obtained as follows

L1 h "—1.(% H,'+H, =0. (2.5)

O'2 O \O

If the transformation t = Iads isappliedto H,',H,", we obtain
0

_dH, _dH, dt_

1= = —=0oH
ds dt ds

11

M= =t o S =0’H,+oH,

d?H, d?H, (dt)erdHl d2t
dt “ds?

where indicates the derivative with respect to variable t. Substituting these equations into
(2.5) we find

-H, —%.Hl +% H, + H, =0 therefore we obtain the following differential equation of
(o2 (o3

constant coefficient
—H,+H, =0. (2.6)

From solution of (2.6) we get H, =ce' +c,e™ or H, =c,(cosht+sinht)+c,(cosht—sinht),

if wesay ¢, +c,=A c,—c, =B we obtain H, = Acosht+ Bsinhtor
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x_ Acosh UGdSJ +Bsinh U o-dsJ
T 0 0

(<) :Let’s assume that

X _ Acosh ﬁads}u Bsinh Uadsj, (2.7)
T 0 0

differentiating (2.7) with respect to variable s we get

lif = Acosh (Jads}t Bsinh “ods} (2.8)
O d 0 0

ST

similarly, differentiating (2.8) with respect to variable s gives

ocdsrt

di[lif} = Acosh UadsJ+ Bsinh Uadsj or H, =coH, and here we obtain
S 0 0

H,-oH, =0, (2.9)
multiplying both side of the expression (2.9) with H, = 1 H,, we obtain
(o2

H,H, —H,H, =0, (2.10)
taking the integral of both sides of (2.10), we get

HZ —H? =const., which indicates that the curve is an inclined curve in L* from Theorem 1.2.
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Theorem 2.2. Let X : 1 — L* be an arc length parametrized space-like curve from class C*

such that > 0,0 >0 and o =const. Then position vector X = X(s) of the curve satisfies

following a vectoral differential equation of 5" order
3 3\ ' 2
K g [{K_] +(1j.1_2_i_%]x<tv>
T T T) K 1K K
" ' ' N 2\ " ' "2 2 2
LI A5 L
T K T K K KT K T T KT T K KT
k(1) « (1) (x«° K’ k) (7) (o | 1) x o =
H-—| = - = |+ +2l = |+ = |+ = | -| —5 | +x| = | +———« |X
K T K T T KT T K K T T T

where T, N, B space-like vectors, E time-like vector, o constant.

Proof. Suppose T, N, B are space-like vectors, E is time-like vector for space-like curve

X =X(s) in L* from (1.6), and (1.6), we obtain

N=L (2.11)
K

1 -

B==(«<T +N) (2.12)
T

Substituting (2.11) in (1.6),we get

—, T = —

B=——T +0E (2.13)

K

differentiating (2.11) and substituting it into (2.12) we find

é:l( f+(iJJ (2.14)
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taking the integral of both sides of (1.6), we get

E= Iaéds

and substituting (2.14) into (2.15) we obtain

E:jg[ f+(%”ds

and substituting (2.16) into (2.13) we find

B =-LT 4o Il{xf+(T—ﬂds
K T K

similarly differentiating (2.14) and using (2.17) we obtain

Bl
+£f02j%[ f+(%}]ds

oL V)
X=T,X=T'X=T"X

3 3\ '
. X[(K_](EJEZ_K
T T T) K TK

2KK (f"K‘ —f'K“)

K

K

K7 T

+xT +xT

T

K

|

O'2K'

KT

+———K

T

}Z

2

T

i O,
R

&
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(2.15)

(2.16)

(2.17)

(2.18)

. 4
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Denoting these coefficients of the vectoral differential equation by

P(s),Q(S), R(s), K(s), L(9).

Respectively, then we can rewrite this last equation as

P(S)XY +Q(s)X™ +R(5)X " +K(s)X +L(s)X =0, (2.19)
where
P&)= -,

T

IS A2 )2
)3 (2)-2)

x is the first curvature, = the second curvature, o the third curvature and constant.

The equation (2.19) has a solution by Chebyshev-Matrix Method [2]. If ,
P(s),Q(s), R(s), K(s) and L(s) are one-variable functions, then these functions satisfy the

following conditions:

i) They must be satisfied by 5th order differential equation .
i) They must be formed into Taylor series.

If x=0,7z=0 in ordinary differential equation (2.19), they can be formed Maclaurin
series.

In this situation, the equation (2.19) is transformed to a matrix form with Chebyshev-
Matrix Method. Thus, solution of the equation (2.19) can be obtained with an analytic or
approximate method.
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Theorem 2.3. Let X = X (s) be arc length parametrized space-like curve with time-like

%

Wi .
N —

trinormal vector from class C* in L* such that x>0,z >0, >0. Then tangent vector T of

X = X(s) satisfies following a vectoral differential equation of 4™ order

T K
— 42 —
K

(

e (2)
&)

s
T O

L

el (5]
(%)

2
T

KO

12
o

K

T

L

K

T

o

K

In

I

[

K

T

j.

1 o

(o} K

)

|

S

T

K

T

I

o

K

j.

1 o

(o} K

Proof. Suppose T, N, B are space-like vectors and E is a time-like vector, taking the

derivative of Frenet formulas (1.6) with respect to arc length parametrized s, of tangent

indicatrix, we obtain

T =N,
N =-T+2B,
K
B=—--N+ZE
K K
E=28
K

From (2.20), and (2.20); we get

B="(N-T),
T

SER
os]]

N +

[T
Q=

And substituting (2.21) into (2.20)4 we get

E=—(T-N)

~ 19

Differentiating (2.21) and using (2.20); we have

°E

(5T =N)+(E)(T-N")=N-
T T K K

}f:o

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

taking the first derivative of (2.21) and substituting (2.20);, (2.21), (2.22) and (2.23) in this

. 4
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expression we obtain,
! ' ' ' 2

T {(fj LN Z{In 5} +(5j .E}T‘" +Hln 5} (fj .1—"——1}

o)y T K) o T K) o K

_ o, . . .
BERBORRERTE];
K KO K K K/ O T

i " ' ' 2
{2
T K T K O K
Theorem 2.4. Suppose X = X(s),Y =Y (s) are space-like curves with time-like trinormal

vector in L* and let the first curvature of X = X (s) be constant. If trinormal indicatrix of

X = X (s) is tangent indicatrix of Y =Y (s), then the third curvature of Y =Y (s) is constant.

Proof. Let’s calculate Frenet formulas of curve Y =Y (s). Let 'I:X, N ,B,E K, T, 0,,and

X! X X

T,,N,,B,,E, x,,7,,0, be Frenet elements of curve X = X(s) and Y =Y (s), respectively.

Suppose s, be arc length parametrized of Y =Y (s). Then, we can write
Y = j E, (s)ds, (2.26)

differentiating both sides of (2.26) with respect to s, we have

dy _dv ds, -

E:dsy'ds .

Since

a7 (2.27)
dsy

we get

_ dsy -

Ty.—S =E,, (2.28)
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and using this expression, we obtain
- ds,
T,=Eand —=1, (2.29)
ds

taking the derivatives of both side of (2.29) with respect to s, we get ;@NY =0 .I§X and here

X

|

we obtain N, =B, and y, = o, , taking the derivative of both sides of expression N, =B,

with respect to s we obtain

r,=7,and B, =-N, (2.30)
If exterior product of T, AN, A B, is formed, we obtain

E,=-T,, (2.31)
and taking the derivative of both side of (2.30) with respect to s, we get

o,B, =—x,N,. (2.32)
Since B, =—N, from (2.30), we get

o, =K,. (2.33)

ince x, is constant, o is also found as constant by using (2.33) .

Theorem 2.5. Let tangents, principal normals, binormals and trinormals indicatrices of space-

like curve X be X, X,, X;, X,, respectively. If spherical indicatrices of

X1

s — X(9)
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satisfy following conditions, then they are regular curve

i) The curve X, isregular < x =0
i) Thecurve X, isregular <> k2 —72 £0 (k #0,7 % 0)
iy Thecurve X, isregular < [l ~6%| #0 (r=0,0%0)
Iv) The curve X, isregular <o #0

Proof. From (1.10)

i) Since,

the curve X, is regular @“% =x#0
S

i) Similarly, since

X, =N=Re_ 7B
ds
the curve X, isregular < q =’\/K +7° (k#0,7#0)
S
iii) Also, since
X3:é:>%:—TN+GE,
ds

the curve X, is regular < d;(3 = ‘rz —az‘ (r#0,0#0)
S

Iv) Finally, since

dx,
ds

X4:I§:> -oB,
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d

;(2 = o = 0. with time-like trinormal vector.
S

The curve X, is regular <:>H
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