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1. Introduction

The function f : I C R — R, is said to be convex, if the inequality

fla+A-9p) <tf(@)+ A -1)f(B)

holds for all @, 8 € I and 1 € [0, 1]. We say that f is concave if (—f) is convex.

The concept of convexity is one of the most important research area in many branches of pure and
applied mathematics. It has a key role in many fields of applications, especially in optimization theory
and the theory of inequalities. A useful inequality for convex functions is given as follows:

Let f is a convex function on the interval I = [a, 8] of real numbers with & < 3, then

a+p 1 s fl@+ fPB)
f( - )sﬁ_afaf(x)dxs#, apel (1.1)

This double inequality is well known in the literature as Hermite-Hadamard integral inequality for
convex functions (see, e.g., [7,21]). Both inequalities hold in the reversed direction if f is concave.
Recently, Hermite-Hadamard integral inequality for convex functions has received renewed attention
by many researchers and as gradually a remarkable of generalizations, extensions and refinements in
various directions have been found, see [1, 8, 10,13, 19,20, 23,24, 26] and the references cited therein.
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In recent years, several generalizations and extensions have been considered for the concept of the
convexity. One of the most important generalizations of convex functions is that of invex functions
introduced by Hanson [9]. Ben-Israel and Mond [6] introduced the notions of invex sets and preinvex
functions. Weir and Mond [25] and Noor [18] have studied the basic properties of the preinvex
functions.  For recent applications and generalizations of the preinvex functions, we refer
to [3,4,11,12,14,16,17].

2. Preliminaries

2.1. Preinvexity and Hermite-Hadamard inequality

Let 3 be a nonempty closed set in R”. Let f : 3 — R be a continuous function and let 1 (.,.) :
J x I — R be a continuous bifunction. Now, we recall some well known concepts.

Definition 2.1. [27] The set 3 is said to be invex with respect ton (., .), if
a+m@B,a)e T, Ya,e T, te[0,1].

The invex set 3 is also called a n-connected set.

It is true that every convex set is an invex set with respect to 17 (83, @) = 8 — a, but the converse is not
necessarily true, see [25,28] and the references therein. For the sake of simplicity, we always assume
that J = [, @ + n (B, @)], unless otherwise specified [2].

Definition 2.2. [25] Let f be a function on the invex set 3. Then, f is said to be preinvex with respect
ton, if
fla+m@B,a)<0-0f(@+tfB), Ya,€ 3T, te[0,1].

The function f is said to be preconcave if and only if — f is preinvex.

Note that every convex function is a preinvex function, but the converse is not true. For example,

the function f (@) = — |a| is not a convex function, but it is a preinvex function with respect to n, where
a-B, if <0, a<0and 20, >0
ng,a) = :
B —a, otherwise

Definition 2.3. [22] Let f be a function on the invex set 3. Then, f is said to be prequasiinvex with
respect to n, if
fl@+m@B,a) <max{f(a), f(B)}, Ya,8€ T, te][0,1].

Definition 2.4. [18] The function f on the invex set 3 is said to be multiplicatively preinvex with
respect to n, if
fla+mBa)<(f@) " (fPB), Ya.8e T, 1€[0,1].

From the above definitions, we have

A

fla+mBa) < (f@)" (@)
(=0 f(a)+tf(B)

IA
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< max{f(a),f(PB)}.

To prove some results in the paper, we need the well-known Condition C introduced by Mohan and
Neogy in [15].

Condition C. Let 3 C R” be an open invex subset with respect ton : 3 x J — R. We say that the
bifunction 7 satisfies the Condition C if for any a,8 € J and ¢ € [0, 1],

n(a,a+mB,a) =-mPpB,a),

U(ﬁ’a"‘ ”7(,8’“)) = (1 - f)’?(ﬁ,a’)-
Note that for every a, 8 € J and ¢ € [0, 1] and from condition C, we have
n(a+nunp,a),a+nnB ) =(-n)npa).
In [16] Noor has obtained the following Hermite-Hadamard inequalities for the preinvex functions.

Theorem 2.5. Let f : J = [a,a +n(B,@)] — (0,) be a preinvex function on the interval of real
numbers 3° and a, 3 € 3° with @ < a + (B, @) . Then the following inequality holds:

a+1(B,a)
f(zcwn(ﬁ,a))S 1 f 7 (f(x))dxsf(a)+f(ﬂ).
nB.a) J, 2

2

2.2. Multiplicative calculus

Recall that the concept of multiplicative integral called * integral is denoted by fa ’ (f (x)™ while

the ordinary integral is denoted by fa § (f (x))dx. This comes from the fact that the sum of the terms
of product is used in the definition of a classical Riemann integral of f on [a, b], the product of terms
raised to certain powers is used in the definition of multiplicative integral of f on [a, b] .

There is the following relation between Riemann integral and * integral [5].

Proposition 2.6. If f is Riemann integrable on [a, b], then f is * integrable on [a, b] and

f b (f ()™ = ol (G

In [5], Bashirov et al. show that * integral has the following results and notations:

Proposition 2.7. If f is positive and Riemann integrable on [a, b], then f is * integrable on [a, b] and

L7 ™= (¢ @),

a

2. [T(F g™ = [T (f ™. [ (g )™,

3. [ (L)t = Lo
Cda \e@/) T Pyt

4 [ = [F @™ [ (@™, a<c<b.
A a -1
5. [ e™ = vand [ (F )™ = (1 (F ™)
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3. Main results

In this section we establish some integral inequalities of Hermite-Hadamard type for
multiplicatively preinvex positive functions. We also obtain new integral inequalities for product and
quotient of preinvex and multiplicatively preinvex positive functions in the framework of
multiplicative calculus.

Theorem 3.1. Let 3 C R an open invex subset with respectton : 3 x 3 — R and uj,u; € 3
with uy < uy + n(up,uy). If f is a positive and multiplicatively preinvex function on the interval
[u1, uy + 1 (uz, uy)] and n satisfies Condition C, then

2uy + 1 (o, uy) uy+n(uz,u1) . m
f(%) < (f (f () <G(f (), fuw)), (3.1
uy
where G (., .) is a geometric mean.
(3.1) is called Hermite-Hadamard integral inequalities for multiplicatively preinvex functions.

Proof. Since f is a multiplicatively preinvex function, we have for every «,8 € [uy,u; + 1 (uz, uy)]

. _ 1
w1tht—§

2

Now, let @ = u; + (1 — ) 7 (uz, uy) and B = uy + tn (up, u;) . From Condition C, we have

f(w):f( s 1B ))<(f(a)) @)

flur + (A =0, u) +

n(uy +m(up, up) ,up + (1 - I)U(uz,ul)))
2

= flun+A =)0, ur)+

3 2uy + 1 (U, uy)
- p(Raate ) )

(f (uy + 1 gy 1)))? (F ty + (1 = 1) 7 (g 101)))?

(21 - 1)77(uz,u1))
2

IA

Taking logarithms of both sides of the above inequality leads to

lnf(zul + 772(M2, Ml))

IA

In ((f Gy + 7 ey ) (F Gy + (1= D) (10, u0)))? )

1 1
5 In(f (uy + m (U2, u1))) + 5 In(f (ui + (1 = )5 (uz, u1))) .
Integrating the above inequality with respect to # on [0, 1], we have

lnf(2u1 + 17 (uy, ul))

1 (! 1 (!
> < Efln(f(u1+tn(uz,u1)))dt+§fln(f(m+(1—t)n(uz,u1)))dt
0 0

Uy

1 1 1y +17(uz,u) 1
- 1 [— f In (f () dx — —— In (f (1)) dx
2 n (MZ’ ul) uy n (MZ’ ul) uy+n(up,up)
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1 1 1y +17(uz,u1)
2 [77(142, up) u

1 uy +17(uz,uy)
= — f In (f (x))dx.
n (ua, uy) u

Thus,

1 uy+(ug.uy )
< g( n(ug,up) ful In(/ (x))dx)

¥ (2u1 + 772(142, Ml))

1

uy+n(u,u) W ur)
(j' (ﬂ@W) .

uy+n(un,u) ﬁ
f(2u1++(u2’u1))s(f ! (f(x))dx) ¢ )’

Hence, we have

which completes the proof of the first inequality in (3.1).
Now consider the second inequality in (3.1).

1

uy +1(uo,u1) n(uzup)
(j‘ (ﬂmW)

1
(e(ﬂll +n(uguy ) ln(f(x))dx)) 1(up )

1 uy +n(up.uy)
= enluu) (f”l In(f (x))dx)

b vt

< ob In(CFan)! /(7))

I
Q

(
( @@= In flup)+ein f(uz))dz)
(

_ In(f ). ) )

= f ). f(up)
= G(f(ul),f(uz))

Hence, we get the inequality

uy+n(uz,ur) m
(f Uuwﬂ <G ), f ).

uj

Combining the inequalities (3.2) and (3.3), we have

2 uy+1(uz,u1) Wlu,)
fﬂﬂi%@ﬂﬁs(f Uuwj <G(F ), f @),

which is the desired result.

uy+n(uz,ur)
ln(f(x))dx+;f ! In(f (x))dx
n (ua, uy) uy

(3.2)

(3.3)

O
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Theorem 3.2. Let 3 C R an open invex subset with respectton : 3 X 3 — R and uy,u, € 3 with
uy < uy +nup,uy). If f and g are positive and multiplicatively preinvex functions on the interval
[ur, uy + 1 (uz, uy)| and n satisfies Condition C, then

(2u1 + n(uz,ul)) (2u1 + U(Mz,ul))
! 2 8 2

uy+1(u2,u1) uy +(u2,u1) m
( f (f GN™. f (g (x))dx) (3.4)

uy

< G(f (), f(u).G(gl),g(up)),

IA

where G (.,.) is a geometric mean.

(3.4) is called Hermite-Hadamard integral inequalities for the product of multiplicatively preinvex
functions.

Proof. Let f and g be positive and multiplicatively preinvex functions and 7 satisfy Condition C. Then

n (f(2u1 + nz(uz, ul))g(Zul + 772(M2, Ml)))

[P (2t

< In((f g + Qe )2 - (f (g + (1= 1) 7 (12, 11)))?)
+1n((g (ur + 17 (2, u)))? . (g (g + (1 = D) (102, 11)))?)

1 1
= 5111 (f (uy + m (uz, uy))) + Eln(f(ul + (1 =01 (u2, u1)))
1 1
+§ In (g (u; + m (up, uy))) + 5 In(g @ + (1 —0)n(u,uy))).

Integrating the above inequality with respect to # on [0, 1], we have

2uy +n(up, ur)\  (2uy + 1 (ua, uy)
In| f > g 2

IA

1 1
fo [5 In (f (uy + 17 (u, uy))) + 5 In(f (u; +(1 - l)U(Mz,Ml)))] dt

I 1
+f0 [Eln(g(ul+tn(uz,u1)))+51n(g(u1+(1—t)n(uz,u1)))]dt

1 u+n(uz,u1) 1 |
= — In(f (x))dx — —— In (f (x))dx
27] (I/tz, I/l]) j,:l f 277 (l/lz, I/t]) uy+n(up,up) f
1 uy+1(uz,u1) 1 Ui
+— In(g(x)dx — —— In (g (x))dx
27] (l/tz, l/ll) L 8 277 (MZa ul) w1 +n(u,uy) §

1 uy+n(ua,ur) 1 ug +1(uo, 1)
= —f In(f (x))dx + —f In (g (x)) dx.
n (uz, uy) u n(u2, uy) Jy,
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Thus, we have

Hence,

2 2

1 upn(uguy) 1o 1 uy+n(ug,uy)
e( s In(f(dx+ sl [ ln(g(x))dx)

(2u1 + n(uz,ul)) (2u1 + 77(”2,”1))
f g

Uy

1
S G copa [ 70 1n<g<x>>dx) o)

e’

uy+1(uz,u1) . uy+1(uz,u1) J ,,(.4217141)
[ e [ e ) .

1 1

1
ful +n(ug.uey) ln(f(x))dx.ef,:;l +n(ug.uy) ln(g(x))dx) 1(upo1)

1

uy+n(uz,u1) uy+n(uz,u1) )
f(2ul +n(”2aul))g(2u1 +772(M2’M1)) < (f ! (f(x))dxf ! (g(x))dx) ( ) ) (35)

2

Consider the second inequality:

i IA

Hence, we have

uy+m(uz,ur)
( f (f ™.

u+n(u,u) J u+n(u,u) J m
f F )™ f (g () )

1 1

1
ef;:l +n(ug.uy) ln(f(x))dx+fu:1+"(u2’ul) ln(g(x))dx) (g1

1
en(uz,m( i+t [} 1n(g<u1+m<uz,u1>>>dr)) wezn)

o ICFGu+imuan )de+ [ InGe(ur+mGun,un)))ds
b (@) (e Ydr+ fi In((e(un)' = (g(ua) )ar
¢ (=010 fQu)+In fu)de+ ) (10 n g+ In gluz))ds

AN )2 +in(glur) gu)?

VF W) . f (u2). Vg (uy) .g (u)
G(f (), f(u).G(gw),gu)).

1

From the inequalities (3.5) and (3.6), we have

AIMS Mathematics

f(2u1 + 17 (uy, uy) 2uy + 1 (U, uy)
2 & 2

uy+n(uz,u1) m
f (g (X))dx) <SG (f ), fu).G(g(ur),g (). (3.6)
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IA

uy+n(uz,ur) J uy+n(uz,up) J q(uzl,ul)
(f‘ qu»fjﬁ @u»ﬂ
uj ui

G (f (ur), f (u2)) .G (g (u1), 8 (u2)).

IA

O

Theorem 3.3. Let 3 C R an open invex subset with respectton : 3 x 3 — R and uy,u, € 3 with
u; < uy +nug,uy). If f and g are positive and multiplicatively preinvex functions on the interval
[u1, u; + 1 (uz, uy)] and n satisfies Condition C, then

f(2u1+77§142,u1)) < [

g (2u1+7I§M2,M1)) -

where G (., .) is a geometric mean.

g +1(uz,ur) dx W
I qu»] _ G W), fw) 37

j’;u1+7](u2,u1) (g (x))dx -G (g (ul) » g (Mz)) ’

1

(3.7) 1s called Hermite-Hadamard integral inequalities for the quotient of multiplicatively preinvex
functions.

Proof. Since f and g are positive and multiplicatively preinvex functions and 7 satisfies Condition C,
we can write

f(2u1+77(142,u1))

m 2 )y 2uy + Qg u)\  (2uy + 17 (U, uy)
g (R 2 § 2

2

IA

In ((f Gur + 7 ey ) (F Cur + (1= D) (112, 11)))? )
—In (g (w1 + 0 ez, u)))? . (8 (1 + (1 = ) (2, u1))?)

1 1
= 5 In (f (uy + 1 (uz, u1))) + 5 In(f (ui + (1 = )1 (uz, uy)))
1 1
_Eln (g (uy + m (up, uy))) - Eln (g (uy + (1 =) m (uz, uy))) .

Integrating the above inequality with respect to # on [0, 1], we have

f (2u1+77§u2,u1))

g (2u1+ﬂéuz,u1))

In

IA

" 1
j(; [E In (f (uy + 1 (uz, uy))) + 5 In(f (u; + (1 - f)ﬂ(uz,ul)))] dt

11 1
—fo [Eln(g(ul+tn(uz,u1)))+§1n(g(u1+(1—t)n(uz,u1)))]dt

iy

1 uy +1(uz,ur) 1
2U(M2,M1).J; In(f () dx = 5 In (f (x)) d

ur+n(uz,ur)

Uy

1 uy+n(uz,u) 1
- In(g(x))dx — —— In (g (x)) dx]
[277 (MZ’ Ml) L 8 277 (le, ul) uy+n(u,uy) 8

AIMS Mathematics Volume 5, Issue 2, 1505-1518.
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1 uy+n(uz,ur) 1 uy +1(uz,uy)
= — f In(f(x)dx — ——— f In (g (x)) dx.
n (ua, uy) uw n (uz, uy) uy

Thus, we have

Hence,

f (2u|+77(u2,u|)

2

2

_ )) e( L ) inpoonda- b [0 Ingg(oy)
uy+n(uo,u
g ( 1 2,11

)

1(ug.uy) 1(ug.uy)

IA

1
_ efz:l #2) 1o f (X))dx‘fuull i) 1“(g(X))dx) (i)

1
f“‘;l +17(up.up) In(f(x))dx 1)

e

[ g

e

1
fu1+fl(uz,u1) (f ()C))dx n(up.aey)

ui

uy+n(uo,uy) x
LT (g ()

ui

1
f (2Ll|+77§u2,u1)) 3 J’;L:lJrn(uz’ul) (f (x))dx n(up.ur)

2uy+nQua,ur)\ uy +1(u2,u1) d
g (Bea) ~ | f (g ()™

ui

Now, consider the second inequality

AIMS Mathematics

IA

1
u|+TI(M2,M|) d. Uy, U
I (f o]
uy+n(uz,u1) d
[ (g ()™

1

1
A In( g | 20

ej;;] ‘”I(”Z’”l) ln(g(x))dx

1
up+n(up.up) _ pup+n(up.ug) 1(up.up)
o In(f (M- [ ln(g(x))dx)

1
e( B i+ )i [} 1n<g<u1+m<uz,u1>))dz)) wlezar)

oo I+ )di= [ Inen-+mu,un))dr
e (@) () Y= [ (a0 )! ™ (g(un) )ar
e fol (1=t In f(uy)+t1n f(up))dt— fol ((1-1) In g(uy )+t In g(up))dt

). fu2) 3 ~In(g(ur) o))
V). f ()

V& (u1) .g (u)
G(f (up), f(u2))
G (g(uy), g ()

(3.8)
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Hence, 1
LG @M G () f ) 5o
fu”l"”(”z’”’) (g ()™ T G(g(u),g () '
Combining the inequalities (3.8) and (3.9), we have
) (GO G s
g () L (g oy T G(gu).g)’
]

Theorem 3.4. Let 3 C R an open invex subset with respectton : 3 x 3 — R and uj,u, € J
with u; < uy; + n(up,uy). Let f and g be preinvex and multiplicatively preinvex positive functions,

respectively, on the interval [uy, u; + n(uy,uy)| . Then, we have
(flup))!2)

< ((f(uo)f("l)
T e.G(g(u),g(u))’

1
I L
fu1+fl(uz,u1) (f (x))dx 1ug.u1) )j(”Z)_f("')

ui

uy+n(ua,uy) x
[T (g ()

uj

where G (., .) is a geometric mean.

Proof. Note that,

1
fu1+n(uz,u1) (f (x))dx n(uguy)

Uy

ful +n(uz,u1) (g (x))d"

uy

1
efuulﬁv(uzm) In(Foo))dx \7#21)

2 InGg(o)as

e

1
f“l*‘”(“Zv“l) ll’l(f(x))dX*j:ll+l]<u2wul) ln(g(x))dx)"(uz'u')

oo I+t )di= [ InCgu+muz.un))dr

oo MG @D+(FG)~ )= [ () ™ (g(wn) )ar

In|

A

((f(uz))f ()
(fGu) )

e.G(g(uy),guw))

IA

(f(1p))"(2)

o
(/) D) )ﬂuzmul ) ]-l—ln(G(gau),g(uz»)
Sf(up))

1
) f(ua)=f(ur)

Thus, we have

(fun))/2)
< (fup)y (1)

T eG(g(uy),gw))’

1
1 ——
ful+fl(uz,u1) f (x))dx 1(ug.u1) )f(l‘Z)if(ul)

uj

ful+fl(u2,u1) (g (x))dx

uy

which completes the proof.

AIMS Mathematics
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Theorem 3.5. Let 3 C R an open invex subset with respectton : 3 X 3 — R and u,u, € 3 with
u; < uy+n(uy,uy) .Let f and g be multiplicatively preinvex and preinvex positive functions,respectively,
on the interval [uy, u; + n (uy, uy)] . Then, we have

f:wn(uz,ul) (f (x))dx n(uzy) < eG(f ). f ()

— 1 2
LL:1+77(M2,M1) (g (x))dx ((g(uz))g(uz) )g(uz)_g(ul)
(glaun)ys1)

where G (., .) is a geometric mean.

Proof. Note that

1
fu1+n(uz,u1) (f (x))dx n(up.ae)

ui

uy +1(u,uy) d
L (g oy
1
eL“]l“l(”ZJ‘l) In(f(x))dx ) 7241

7 Ingeax

1
eL”l"‘W(”Z'”l) ln(f(x))dx_j;‘ll"”l(”l”l) ln(g(x))dx) 1(ug.uy)

1

o M(FmGu,u))di= [ In(gGu+m(uz i ))dt

e (@) () Ydi= [ InCgaun ) +1(gua)=gaur e

1
In(G(f(ur). f(u2))~In (7@("2)“?‘21 )g(”z)‘g("‘ e
e (8(u )51

e.G(f (), f(u2))

. .
( (8())s(12) )m
(gur)ysC1)

IA

Hence,

ﬂww%ﬂ@mwm<aaﬂw4wm

l b
f:ﬁn(uz’ul) (g (x)™ ((g(uz))g(”Z) )g<uz>-g<“1)
(gl

which is the desired result.
O

Theorem 3.6. Let 3 C R an open invex subset with respectton : 3 X 3 — R and uj,u, € 3 with
u; < uy+n(uz, uy) . Let f and g be preinvex and multiplicatively preinvex positive functions,respectively,
on the interval [uy, u; + 1 (uz, uy)] . Then, we have

1
(o)) 2) \ Flup)=f(uy)
Ml+7](u2,ul) d Ll]+T](u2,M1) d r](uzl,ul) (%) ‘G (g (ul) ) g (MZ))
(f (ﬂmﬂf‘ @wﬂ) < ,
u u

1 1 e

where G (.,.) is a geometric mean.

AIMS Mathematics Volume 5, Issue 2, 1505-1518.
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Proof. Note that

uy+n(uz,u1) . u+n(uz,u1) J m
[ vor [ e )

uj ui

1
_ eL“]l*’l("zJ‘l) ln(f(x))dx+fu:1+"(u2’ul) ln(g(x))dx) n(u.u1)

1
e (b O+ e ) gt +zn<uz,u1>»dr)) wuzn)

o ICFGu v an )de+ f) InGe(un+mGun,un)))ds

e o I+ )= F )i [ (g )~ () )t

1

(u f(u2) uy )—f(u

1n[(W)f Cea)~ser) ]—1+1n<G<g(u1>,g(uz>>>
S(uy))

IA

(flur) )

1
() (2) \ Fu)=7Cur)
(u) P G (g ), g ()

e

Hence,

- e

1
F(2) \ FQuz)=f(up)
ot cwen vt (L) G (g ). g )
( f (f ™. f (g (1)) ) < .

uy uy

This completes the proof. O
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