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1 Introduction

In this paper, we define bicomplex generalized Tetranacci quaternions by combining bicomplex
numbers and generalized Tetranacci numbers and give some properties of them. Before giving
their definition, we present some information on generalized Tetranacci numbers, and also on
bicomplex numbers.

A generalized Tetranacci sequence {V,},>0 = {Vi.(Vo, Vi1, Va2, V5)}nso is defined by the
fourth-order recurrence relations

Vn - Vn—l + Vn—2 + Vn—S + Vn—4 (1)

with the initial values V() = c¢o, Vi = ¢1, Vo = ¢o, V3 = c3 not all being zero.
This sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example [10, 13, 14,18,21,22].
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The sequence {V},},>0 can be extended to negative subscripts by defining
Vo= V_)y = Vemo2)y = Vouos) + Vo(noa

forn =1, 2,3, .... Therefore, recurrence (1) holds for all integer n.
The first few generalized Tetranacci numbers with positive subscript and negative subscript
are given in the following Table 1:

n] Vo | Vo
Co Co
1 C3 —C—C — (o
Co 2¢y — c3
C3 201 — Co
Co+c1+cy+cy 200—01

Co + 2¢1 + 2¢9 + 2¢3 2c3 — 2c9 — 2c1 — 3¢y

2¢co 4 3¢ + 4co + 4cs Co+ c1 + dey — 3cs

4dcg + 6¢q + Teg + 8cs 4cq — 4dey + c3
8co + 12¢1 + 14co + 15¢3 4eg — 4eq + ¢

0 N O Uk W N~ oS

Table 1. A few generalized Tetranacci numbers

If weset Vo = 0,V; = 1,V = 1,V3 = 2, then {V,,} is the well-known Tetranacci sequence
and if we set Vo = 4,V; = 1,V, = 3,V3 = 7 then {V,,} is the well-known Tetranacci-Lucas
sequence. In other words, Tetranacci sequence { M, },,>0 and Tetranacci—Lucas sequence { R,, },,>0
are defined by the fourth-order recurrence relations

My, =M, 1+ My_o+My_5+M,_y, My=0,M =1 My=1 M3=2 (2)

and
R,=R, 1 +Ry 2+ R, 3+Ry, Ro=4Ri=1 R =3 Rs=T. (3)

The sequences { M, },,>0 and { R,, },,>0 can be extended to negative subscripts by defining
M_,y=—=M_(—1) — M_(n—9) — M_(n_3) + M_(5,_g
and
Ry =—R_(n-1) = R_(n-2) = B—(n—3) + R—(n—a)

forn =1, 2,3, ... respectively. Therefore, recurrences (2) and (3) hold for all integer n.
It is well known that for all integers n, usual Tetranaci and Tetranacci—Lucas numbers can be
expressed using Binet’s formulas

_ a2 g
B O [ et R CEr EEp) Rt
2 g2

+ +
(v=—a)(y=B)(v=19) (
(see for example [10] or [23])

0 —a)(d—P)6—)
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or

a—1 g—-1 . -1 o—1 .
My =g 50"+ TEE- 85 o 577—87 el )
(see for example [6])
and
=a"+ 8" +4" + 0"

3

respectively, where «, 3,7y and § are the roots of the equation z* — 23 — 22 — 2 — 1 = 0. Moreover,

o = —w \/——w2 w1

it
1 1 13
e R 2‘?"”7

where

1/3 1/3
|11 L —65 L 563 n —65 /563
AR \N TR ! 108 54 Vios)
We present Binet’s formula of the generalized Tetranacci sequence.

Corollary 1.1. The Binet’s formula of the generalized Tetranacci sequence {V, } is given as

Vn — Aan—ﬁ +Bﬁn_6 —|—O’}/n_6 +D5n—6

where
1

A= o= 8(V3a + (Vo + Vi + a)a? + (Vi + Va)a + V&),

B = DLAP (ot Vit VP + (V1005 +1a),

C = J V" + 0o+ Vit Vo) + (Vi + Va)y + 1a),

0 —

D = o 8(1/353 + (Vo + Vi + V)% + (Vi + V2)d + Va).

Proof. For a proof see [19, Corollary 1.3.]. [l

In fact, Corollary 1.1 is a special case of a result in [3, Remark 2.3.] .

Note that the Binet form of a sequence satisfying (1) for non-negative integers is valid for all
integers n, for a proof of this result see [11]. This result of Howard and Saidak [11] is even true
in the case of higher-order recurrence relations.

o0
Next, we give the ordinary generating function ) a,z™ of the sequence V/,.
n=0

Lemma 1.2. Suppose that fy, (x) = Z a,x™ is the ordinary generating function of the

generalized Tetranacci sequence {V,, }n>0 Then fv. (x) is given by
Vot (Vi =Vo)o+ (Vo = Vi = Wp)2® + (V3 = Vo = Vi = Vp)a?
fv.(z) = 2 3 4
l—z—2*—2°—2
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Proof. Using (1) and some calculation, we obtain

fvn(@) =z fv, (x) — 2* fv, (x) — 2* fu, (x) — 2 fu, () = Vo+ (Vi — Vo)
+(Vo = Vi = Vp)a®
+(Vs = Vo= Vi = V)2

which gives (5). O

The previous Lemma gives the following results as particular examples: generating function
of the Tetranacci sequence M, is

xz

an(x):ZMnx": l—x—=x

2 —ZE3 —QT4
n=0

and generating function of the Tetranacci—Lucas sequence R,, is

4 —3x — 222 — 23

1—z—a%—a23 -z

fr,(z) = Z R,z" =
n=0

The bicomplex numbers (quaternions) are defined by the four bases 1,1, j,7j where ¢, 7 and
17 satisty the following properties:

i*=-1, 7= -1, ij = ji.

A bicomplex number can be expressed as follows:
q = ag +iay + jag +ijaz = (ao +ia1) + jaz +iaz) =z + jz

where ag, a1, as, az are real numbers and zg, z; are complex numbers. So the set of bicomplex
number is
BC = {ZQ +J21 1 20,21 € (C,j2 = —1}

Moreover, for any bicomplex numbers

q = ap+1ay + jas +ijas
and

P = bo + Zbl +]b2 + Z]bg

and scalar A € R, the addition, subtraction and multiplication with scalar are defined as compo-
nentwise, i.e

qg+p = (ag+bo)+i(ay+ b))+ jlag+ by)+ij(as+ bs),
q—p = (ao—bo)—i‘i(al —b1)+j(a2—b2)+ij(a3—bg),
Ag = Mdag+iday + jhas +15)has

respectively, and product (multiplication) is defined as follows:

qXp = (aobo — a1b1 — agbg + &3[)3) + i(aobl + a160 — a2b3 — a3b2>

+j(aghy — arbs + asby — asbr) + ij(aobs + arbe + asby + asby).
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There are three different conjugations (involutions) for bicomplex numbers, namely

s : . - .
q; = aop —1ay+jaz —1jaz = 2z + Jz1,
. : 4 o 4

q; = Qo+1a1— jagz —1jaz = zo — jz1,
. : : o
¢ij = Qo —1ta1 —jaz+1jaz = zZo — jz1,

for ¢ = ag + ia; + jas + ijas. The squares of norms of the bicomplex numbers which arise from
the definitions of conjugations are given by

Ni(g) = laix ¢l = |aj+ai — a3 — a5+ 2j(apaz + aras)

Nq) = |gxq; 2

= ‘ag + a2 — a3 — a3 + 2i(apay + agas)
Ni(g) = |ag x @] = |ag + af + a3 + a3 + 2ij(agas — asar)] .

Y

)

For more details about these type of numbers (quaternions), we refer to, for example, the
works [7, 17], among others.

2 The bicomplex generalized Tetranacci and Tetranacci-Lucas
quaternions and their generating functions,

Binet’s formulas and summations formulas

In this section we define the bicomplex generalized Tetranacci quaternions and give generating
functions and Binet formulas for them. First, we give some information about bicomplex type
quaternion sequences from the literature.

Nurkan and Giiven [15] (see also [16]) introduced n-th bicomplex Fibonacci and n-th
bicomplex Lucas numbers (quaternions) as

BFn:Fn+Fn+1i+Fn+2j+Fn+3ij

and
BLn = Ln + Ln-i-li + Ln+2j + Ln+37;j

respectively, where £, and L,, are the n-th Fibonacci and Lucas numbers, respectively. Various
families of bicomplex number (quaternion) sequences have been defined and studied by a number
of authors. See, for example, [1, 2, 4, 8, 9] for second order bicomplex quaternion sequences
and [5, 12] for third order bicomplex quaternion sequences.

Soykan [20] introduced the bicomplex Tetranacci and Tetranacci—Lucas quaternions as fourth
order bicomplex quaternion sequences.

We now define bicomplex generalized Tetranacci quaternions over the algebra BC.

Definition 2.1. The n-th bicomplex generalized Tetranacci quaternion is
B(CVn = Vn + Z"/nJrl + jVn+2 + Z]‘/nJri% (6)

As special cases, the n-th Tetranacci quaternion and the n-th Tetranacci—Lucas quaternion are
given as
BCM,, = My, + iMy,q1 + jMyio + i M3
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and
BCR, = R, +iRu11 + jRyto + 17 Ry43,
respectively. It can be easily shown that {BCV],},>, can also be defined by the recurrence

relations:
BCV, = BCV,,_; + BCV,,_y + BCV,,_3 + BCV,,_4 @)

with the intial conditions BCV,, BCV;, BCV;, BCV; (see Table 1).
The sequence {BCV,, },,>( can be extended to negative subscripts by defining

BCV_, = —BCV_(n_l) - BCV_(N_Q) - BCV_(n_g) + BCV_(n_4)

forn =1, 2,3, ... respectively. Therefore, recurrence (7) holds for all integer n.
The first few bicomplex generalized Tetranacci quaternions with positive subscript and nega-
tive subscript are given in the following Table 2:

| BCYV, |
-5 (2¢3 — 29 — 2¢1 — 3co) + 1(2¢o — 1) + J(2¢1 — ¢2) +ij(2¢2 — ¢3)
—4 (2¢co — 1) +i(2¢1 — c2) + J(2¢0 — ¢3) +ij(c3 — 2 — ¢1 — ¢p)
-3 (2¢1 — ¢2) +i(2¢0 — ¢3) + j(cs — ca — c1 — ¢p) + ijco
-2 (2co —c3) +i(cg — o — ¢y — o) + jeo +ijcy
—1 (c3 — g — 1 — o) +icy + jer +ijea

0 co+ic1 4+ jeo +ijcs

1 c1 +icy + jes +ij(co+ 1 + o + ¢3)

2 co+ics+ j(co+c1 4 co+c3) +ij(eo+ 1+ o+ c3)

3 || es+i(co+c14ca+c3)+ j(co+ 2¢1 + 2¢9 + 2¢3) + 05 (2¢0 + 31 + 4y + 4es)

4 (co+ 1+ ca+c3)+i(eo+2¢1 + 200 + 2¢3) + j(2¢o + 3¢y + deg + 4es)
+ij(4co + 6¢1 + Tea + 8cs)

Table 2. Bicomplex generalized Tetranacci quaternions

For two bicomplex generalized Tetranacci quaternions BCV,, and BCV/, and for scalar A € R,
the addition, subtraction and multiplication with scalar are defined as componentwise, i.e.,

BCV, +BCV: = (Vu+ Vi) +i(Vagr + Vig1) + 5 (Vasz + Viga) + 35 (Vags + Viys),
B(CVn - BCVk - (Vn - Vk) + i(vn+1 - Vk+1) + j(Vn+2 - Vk+2) + ij(Vn+3 - Vk+3),

respectively, and product (multiplication) is defined as follows:

BCV, x BCVy, = (ViVi — Va1 Vi1 — VaraVigz + Vs Viss)
+i(ViVie1r + Vo Vie = Voo Viers — Vi sViero)
+J(ViVirz = Vas1Virs + Vo Vi — Vs Vi)
+ij(VaVirs + Va1 Viaa + Va2 Vi + Vi Vi)
= BCV, x BCV,.
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Moreover, three different conjugations for the bicomplex Tribonacci quaternion
BCV,, =V, + V11 + jVaao + 15V, 13 are given as
(BCV,): = Vi — iV 4+ jViio — ijVigs,
(BCVn); - Vn + Z'Vn_;_l - jVn+2 - ijVn+3,
(BCVTL):] = Vn - ivn+1 - jVn+2 + ijvn+37

and the squares of norms of the bicomplex Tribonacci quaternion are given by

NZ(BCV,) = |(BCV,); x (BCV,)|

= Vi + Vi = Vidia = Vidis + 25(VaVirz + Vo Vasa) |
N}(BCV,) = |(BCV,); x (BCV,)}|

= V2 + V2, = V2 = V2 +2i(ViVir + VigaVirs) |
NZ(BCV,) = |(BCV,)y; x (BCV,)j;

: = ‘VTLQ + VTLQJrl + VnZJrQ + V712+3 + 22](ann+3 - Vn+2Vn+1)| .

Now, we will state Binet’s formula for the bicomplex generalized Tetranacci quaternions and
in the rest of the paper we fix the following notations.

= 1+ia+jo®+ija?,
L+ + jB* +ijB°,
= 1+iy+j7° +ijy°.
= 140+ j6% +ij6°.

) 2 @) Q)
|

Theorem 2.1 (Binet’s Formula). For any integer n, the n-th bicomplex generalized Tetranacci

quaternion is

BCV, = AGa™ ™ + BAB"® + C7y"~® + Dso"~° ®)
where A, B, C and D are as in Corollary 1.1.

Proof. Using Binet’s formula of the generalized Tetranacci numbers, we obtain

BCVn = Vit Z.an-l-l + jVn—i-Z + ijvn-l—?)
— Aanfﬁ +B5n76 4 C,ynf6 4 D5n76 —|—Z'(A05n75 4 B/BTL*E) +C,ynf5 +D6n75>
+j(AOén_4 +Bﬁn_4 +C"}/n_4 +D6n—4) +Z](A04n_5 + Bﬁn—i’) _|_C,_Yn—3 +D5n—3)
= Ada™ %+ BBB" ¢ + CAy" 8 + DS6" S,
This proves (8). [

As special cases, for any integer n, the Binet’s Formula of n-th bicomplex Tetranacci
quaternion is

a-1_ ., pB-1- 4+ ~v=1_, ;1 06—1~_
50—82Y  Trr—s"” T8 ti—s ©)

and the Binet’s Formula of n-th bicomplex Tetranacci-Lucas quaternion is

BCM,, =

BCR,, = @a™ + B8™ + 47" + 66™. (10)
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Next, we present generating functions.

Theorem 2.2. The generating function for the bicomplex generalized Tetranacci quaternions is

i o n_ BCVo+ (BCVi — BCVy)z + (BCV; — BCV; — BCVy)a® + BCV. 12 an

l—z—a?2—a3—2at

n=0

Proof. Let

g(z) =Y BCV,a"
n=0

be the generating function of the bicomplex Tetranacci quaternions. Then using the definition of
the bicomplex Tetranacci quaternions, and substracting zg(x), #2g(z), 23g(z) and 2*g(z) from
g(x) and using the recurrence relation BCV,, = BCV,,_; + BCV,,_5 + BCV,,_3 + BCV,,_4, we
obtain

(1—z—2*—2°—2"g(x) = BCV,+ (BCV; — BCV;)x + (BCV, — BCV; — BCV,)x?
+(BCV3 — BCV, — BCV; — BCVy)a®.

Note that we used the recurrence relation BCV,, = BCV,,_; + BCV,,_, + BCV,,_3 + BCV,,_4.
Rearranging above equation and using BCV3; = BCV; + BCV; + BCV, + BCV_,, we get

_ BCV, + (BCV; — BCV,)z + (BCV; — BCV; — BCVp)a? + BCV. 2

l—z—a%2—a3—2t

]

g()

As special cases, the generating functions for the bicomplex Tetranacci and Tetranacci—Lucas
quaternions, respectively, are

- w05 +2i5) + 1+ j+ 2if)x + (§ + 2if)a® + (j + ij)a®
;]B%(CMnx = T S S (12)
and .
Y BCR,z" = “a (13)
— l—z—2%—a3—2at
where

c1 = (44+i+35+7ij) + (—34+2i+45+8ij)w+ (—2+3i + 55 +4ij)a? + (=1 +4i+ 5+ 3ij)z>.
Next we present some summation formulas of Tetranacci numbers.

Lemma 2.3. For n > 1 we have the following formulas:

@ Yo V=2V + 2V + Vil = Vo + Vi = V3)

(b) Zzzl Vopy1 = %(2‘/2n+2 + Vo — Vopog — 2V — V4 = 315+ V3)

() ZZ=1 Vap = %(QV%H + Vop1 — Voo + Vo — Vi 4+ 3V, — 2V5).
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The above Lemma is given in Soykan [19, Theorem 2.6] .
Note that from above Lemma we have

n n 1
DV = Vot D Vp=Vot s(Vaa +2Vi + Vos = Vo + Vi — V)
p=0 p=1

1
= g(sz + 2V, + Vg + 2V + Vi — Vi) (14)
and
> Vo = Vit ) Vo
p=0 p=1
1
= V1+§(2Vzn+2+v2n—Vzn_1—2V0—V1—3V2+V3)
1
= 5(2‘/2n+2 + Vop, — Vo1 — 2V + 2V4 — 3Va + V3) (15)
and

D Ve = Vot Y Wy
p=1

p=0
1
= W+ §<2‘/2n+1 + Vo1 — Voo + Vo — V1 + 312 — 2V3)
1
= (Wit + Vant — Vanoa 4V — Vi + 3V = 215). (16)

In the following Theorem, we give some summation formulas of bicomplex generalized
Tetranacci quaternions.

Theorem 2.4. For n > 0 we have the following formulas:

(a)
u 1
> BCY, = 3 (BCV,ii> + 2BCV, + BCV, 1 + ¢) (17)
p=0
where
c = 2o+ Vi = Va4 i(—=Vo+ Vi = V3) +45(=Vo — 2V; — Vi)
+ij(—Vo — 2V4 — 3V3 — V3).
(b)
- 1
> BCVyut = 5 (2BCVn > + BCVay — BCVa, 1 + d)
p=0
where

d = (=2Vh+ 2V = 3Va+ V3) +i(Vy — Vi + 3V, — 2V3)
+(=2Vo = Vi = 3Va + V3) +ij (Vo — Vi — 2V3)
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(0

where

- 1
> _BCVy, = 2(2BCVans1 +BCVay1 — BCVayz +e).
p=0

e = (4Vo— Vi +3Vo —2V5) + (—2Vp + 2V — 3Va + Va)i
+(Vo = Vi +3Va = 2V3)j + (=2Vo — Vi — 3Va + V3)ij

Proof. (a) Using (6), we obtain

and so

ZBC‘/P = Z‘/z)+i2‘/17+1 —|—jZVp+2 +ijZ‘/})+3
p=0 p=0 p=0 p=0 p=0

= W+ +Vo)+iVi+... 4+ Vo)
+i(Vo+ oo+ Vo) + i (Vs + .. + Vigs).

3 BCV, = (Vayo+2Vi+ Voo +2Vo+ Vi — Vi)

p=0

where

Hence

+i(Vogs + 2V + Vi, + 2V + Vi — V3 — 3Vg)

45 (Viga + 2Vigo + Vi + 2V + Vi = Vo = 3(Vo + V1))

+hk(Vigs + 2V + Vo +2Vo + Vi — Vs = 3(Vo + Vi + V3))
= BCV,is + 2BCV, + BCV,_; + ¢

2Vo+ Vi = Va+i(2Vo + Vi — V3 = 3Vp) + 5 (2Vo + Vi — V3 — 3(Vy + V4))
+ij(2Vo + Vi — Vs = 3(Vo + Vi + V2))

Vo + Vi = Ve +i(=Vo+ V1 = Vj)

+5(=Vo = 2Vi = V3) + i (= Vo — 2V — 3V — V4)

& 1
>_BCV, = 2(BCV,y> + 2BCV, + BCV, 1 +c).
p=0

This proves (17).

(b) and (c¢) foll

ows from the identities (15) and (16).

As special cases we have the following two corollaries.

Corollary 2.5.

(a)

For n > 0 we have the following formulas:

- 1
E BCM, = g(IB%(CMnH + 2BCM,, + BCM,,—y — (1 4+ i + 45 + 7ij))
p=0
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(b)
- 1
§ BCMyyy 1 = g(QIBaCMQn+2 + BCM,,, — BCMy,_1 + (1 — 2i — 2§ — 5ij)).

p=0

(©)
= 1
> BCM,, = 5 (2BCMon i1 + BCMyy = BCMay o — (2 — i + 2 + 2ij)).
p=0

Corollary 2.6. For n > 0 we have the following formulas:

(a)
- 1
> BCR, = 5 (BCRuo + 2BCR, + BCR, 1 + (2 = 10i — 13] — 22ij)).
p=0
(b)
" 1
> BCRypi = §(21135<c:1%2n+2 + BCRy, — BCRyn_1 — (84 2i + 115 + 11i7)).
p=0
()

. 1
> BCR,, = 5(2BCRyn i1+ BCRyy 1 — BCRy o + (10— 8i — 2 — 11j)).
p=0

3 Five-diagonal matrix with fourth order
sequences and applications

In this section we give another way to obtain nth term of the bicomplex Tetranacci and Tetranacci—
Lucas quaternions. For this we need the following theorem.

Theorem 3.1. Let {x,} be any fourth-order linear sequence defined recursively as follows:
Ty =TTp_1 + STp_g +1Tp_3 +UTp_g, n =>4

with the initial conditions o = a, x1 = b, xo = ¢, x3 = d. Then for all n > 0, we have

a -1 0 0 0 0 0 00 0 0
b 0 -1 0 0 0 0 00 0 0
c 0 0 -1 0 0 0 00 0 0
d 0 0 0 -1 0 0 00 0 0
0 wu t S r —1 0 00 O 0
=l 0w s r -1 00 0 0
00 0 0 0 0 0 s r —1 0
00 0 0 0 0 0 s r -1
0 O 0 0 0 0 0 U S r

(n+1)x (n+1)



The proof of the above Theorem can be found in Soykan [20].
Note that in our cases 7 = s = t = u = 1. As a corallary of the above theorem, in the

following we present another way to obtain nth term of the bicomplex generalized Tetranacci

quaternions.

Corollary 3.2. Forall n > 0, we have

BCV, -1 0 O O 0 O 00 0 O
BCV 0 -1 0 O 0 O 00 0 O
BCV, 0 0O -1 0 0 O 00 0 O
BCVs; 0 O -1 0 O 00 0 O
BCV: 0 1 1 1 -1 0 00 0 O
"o 0 0 1 1 1 1 -1 00 0 O
0 0 o 0 0 O 11 -1 0
0 o o o o o o -~ 11 1 -1
0 o o o o o o0 - 11 1 1 (4D x (n41)
Proof. (a) follows from (7) and Theorem 3.1. [l
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