Notes on Number Theory and Discrete Mathematics
Print ISSN 1310-5132, Online ISSN 2367-8275

Vol. 25, 2019, No. 3, 65-71

DOI: 10.7546/nntdm.2019.25.3.65-71

On ternary biquadratic Diophantine equation
11(x* - y%) + 3(x +y) =10z*

S. Vidhyalakshmi' M. A. Gopalan',
S. A. Thangam' and O. Ozer*”

! Department of Mathematics, Shrimati Indira Gandhi College
Trichy-620002, Tamil Nadu, India
e-mails: vidhyasigc@gmail.com, mayilgopalan@gmail.com,
aarthythangam@gmail.com

? Department of Mathematics, Faculty of Science and Arts, Kirklareli University
Kirklareli, 39100, Turkey

e-mail: ozenozer39Q@gmail.com

* Corresponding author

Received: 8 December 2018 Revised: 27 July 2019 Accepted: 29 July 2019

Abstract: We obtain infinitely many non-zero integer triples (x, y, z) satisfying the non-
homogeneous bi-quadratic equation with three unknowns 11(x* — y*)+3(x+ y) =10z". Various

interesting properties among the values of x, y, z are presented. Some relations between the
solutions and special numbers are exhibited.
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1 Introduction

The theory of Diophantine equations offers a rich variety of fascinating problems. Since
antiquity, mathematicians exhibit great interest in homogeneous and non-homogeneous
bi-quadratic Diophantine equations. In this context, one may refer our references for a variety
of problems on the bi-quadratic Diophantine equations with three variables and also for
bi-quadratic equations with four unknowns studied on their integral solutions. This
communication concerns a yet another interesting ternary bi-quadratic equation given by
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11(x2 - y2)+ 3(x+ y)lez4 and is analyzed for its non-zero distinct integer solutions. Also, a

few interesting relations between the solutions and special numbers are presented.

Definition: A nasty number is a positive integer with at least four different factors such that the
difference between the numbers in one pair of factors is equal to the sum of the numbers of
another pair and the product of each pair is equal to the number. Thus a positive integer n is a
nasty number, if m=u*v=t*sandu+v=t—s whereu, v,t,s € Z".

Lemma: Properties of nasty numbers are given by following expressions:
1. If 7 is a nasty number, then clearly #*s” is also a nasty number for every non zero integral
value of 7.
2. If four positive integers @, B, % Jdsuch that ¢, 5, yare in arithmetic progression with o as
their common difference, then m = a* f* y* Jis a nasty number.
3. Every integer u of the form 6.(1* + 2% + 3> + - - - + k%) is a nasty number.
4. Every integer u of the form 6.[1% + 3% + - - - + (2k — 1)?] is a nasty number.

Theorem (Brahmagupta’s Lemma): If (a;, b)) is a solution of Da’ + m = b* and (an, by) is a
solution of Da2 +mp = bz, then (aib, + a»by, boby + Dajay) and (a1b> — axby, boby — Dajay) are
solutions of Da® + mymy = b

Notations:
¢ Polygonal number of rank n with size m is defined by

m,

¢  Pyramidal number of rank n with size m is defined by
1
P" =— +1 =-2)n+(5- ;
= <[4 ) [ (m=2) e (5-m)

Centered Pyramidal number of rank n with size m is given by
cp = m(n—l)nén+1)+6n :

Stella Octangula number of rank n is given by SO, =2n’ —n;

¢ Gnomonic number of rank » is formulated by GNO, =2n—1;

Rhombic Dodagonal number of rank n is defined by R, =4n’ —6n” +4n—1;

Star number of rank n is formulated by S, = 6n> —6n+1.

2 Method of analysis

The non-homogeneous bi-quadratic Diophantine equation to be solved for its distinct non-zero
integral solution is

11(x* = y*)+3(x+y) =10z". (1)

Different patterns of solutions for (1) are illustrated below.
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2.1. Pattern 1
Introduction of the transformations

x=5u*+v?, y:5u2—v2, Z=U (2)
in (1) leads to
u>=22v>+3. 3)
The least positive solution of (3) is v, =1,u,=5. To find the other solutions of (3), consider
the positive Pell equation
u’=22v" +1,

whose general solution (ﬁn,\'?n) is given by

- %[(197 +42422) " + (197 - 42@)‘”} ——

—~ 1 [ n+
v =—7—| (197 +42v22 197 —42 } 8,
L (197a2m) " (197-a2v) " |-
n=-1,0,1, 2, .... Applying the Brahmagupta lemma between the solutions (u,,v,) and

(u,,v,), the sequence of integer solutions to (3) are given by

5 V22
uVH—l zzfn +Tgn’

:—f \/_

Employing (2), the corresponding non-zero integer solutions to (1) are given by

2445 o4 555422

= f n 44 fngn’
2395 545422
=311+ 2+ ,
yn+1 fn 88 gn 44 fngn
5 \22
==f+—g,.
ZVH—l an 2 gn

A few numerical examples are illustrated in the Table 1 below.

n Xn+1 Yn+1 Zntl
-1 126 124 5
0 18387054 18055756 1909

1 2854294786854 | 2802866051956 | 752141

Table 1. Numerical examples
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Properties of Pattern 1:
2 .
L4 Xor1 t Y = 10z +1 2

* X tYu—9%,,= by, .

o (5 + ) (2, +1)=20P]

o (5. +3,,-10)z,, =60P]

e (x,+y,,-10z, = 30([211 —t. );

e 22y .-109z, =3;

n+l

e Illy,, —109x,,, =30;
e 111z}, -22x,,,=3;

n+l

e 3(x,,—,.,) is anasty number;

e Each of the following expression represents a bi-quadratic integer:

4
25Zn+1 - 'xn+1yn+l ’

2 2 4
xn+1 + yVH-l — SOZVH—I
2

2.2, Pattern 2
Introducing the linear transformations

x=5u+v, y=5Su-v, z=u
in (1), it becomes
u =22v+3

The choice

u=22k+9
in (5) leads to
v =484k +594k* + 243k + 33.

In view of (4), the corresponding non-zero distinct integral solutions to (1) are given by

x(k) = 484k* +594k* +353k + 78,
y(k)=—484k> —594k* —133k +12,
z(k)=22k+9.

Properties of Pattern 2:
o y(k)+z(k)+484CP,, +5941, , +54GNO, =0(mod3);

o x(k)+z(k)-24250, =991, —555GNO, = 0(mod?2);
o (x(k)+y(k)) 2*(k)-550,,) = 0(mod5).
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2.3. Pattern 3
Instead of (4), if we consider the linear transformations

X=u+v, y=u-v, z=u (7
in (1), it becomes
S5u=22v+3 (8)
The choice
u=22k+3 9

in (8) leads to
v =2420k> +990k* +135k +6

Substituting the values of u, v in (7), the corresponding non-zero distinct integral solutions to
(1) are given by

x(k)= 2420k +990k> +157k +9
y(k)=—2420k> —990k> —113k -3
z(k)=22k +3

Properties of Pattern 3:
o y(k)+2420CP,, +110t,,, =0(mod3);

o x(k)- y(k)-242050, —1980¢,, = 0(mod?2);
e 3 (x(k)+ y(k)) z(k) is a nasty number.

2.4. Pattern 4
By introducing the linear transformation

X=y+t (10)
in (1), it results in
117 +(22y +3)+6y—10z* =0 (11)
which is a quadratic in ¢ and solving for ¢
t:%(— 22y —3+4/(22y-3) +44Oz4) (12)

Let &® =440z* +(22y —3) and it is satisfied by
2> =2rs
22y —3=440r -5 (13)

a =440r° + 57

As our interest is on finding the integer solutions, replace r by 2s and s by 22k + 5 in (12) and
(13), it is seen that

_ 2
y = 38698k> +17590k +1999 } 13)

7 =44k +10
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t =44k +20k +2,

the negative sign before the square root in (12) is not admissible. In view of (10), we obtain

x =38742k” +17610k + 2001. (15)

Thus, (14) and (15) represents non-zero distinct integer solutions to (1).

Properties of Pattern 4:
o x(k)—z(k)—6457S, =0(mod2);
o y(k)-3z(k)-17591,,, —27197GNO, = 0(mod3);
o x(k)-y(k)-44t,, =0(mod2).

3 Conclusion

In this paper, we have made an attempt to find different patterns of non-zero distinct
integer solutions to the bi-quadratic equation with three unknowns given by

11(x* = y*)+3(x+y)=10z". As bi-quadratic equations are rich in variety, one may search for

integer solutions to other choices of bi-quadratic and higher order equations with multivariaties
along with suitable properties.
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